We develop a two-species prey-predator model in which prey is wildebeest and predator is lion. The threats to wildebeest are poaching and drought while to lion are retaliatory killing and drought. The system is found in the Serengeti ecosystem. Optimal control theory is applied to investigate optimal strategies for controlling the threats in the system where anti-poaching patrols are used for poaching, construction of strong bomas for retaliatory killing and construction of dams for drought control. The possible impact of using a combination of the three controls either one at a time or two at a time on the threats facing the system is also examined. We observe that the best result is achieved by using all controls at the same time, where a combined approach in tackling threats to yield optimal results is a good approach in the management of wildlife populations.
Introduction
Population dynamics is the dominant branch of mathematical biology that deals with forces affecting changes in population densities or affecting the form of population growth. It is clear that predator population depends on their prey species for survival and affects the survival and fecundity rate of prey species. Therefore, predator population is affected by changes in prey population in a complex and cyclic predator-prey relationship [1] .
The Model with Threats
Consider two populations of different species: x a prey population, and y , a predator population. The prey species is wildebeest and predator species is lion. Drought affect both species, while wildebeest is threatened by poaching lion is threatened by retaliatory killing. Prey species are assumed to grow logistically to the carrying capacity in the absence of the predator, poaching and drought, hence these are only causes of prey mortality. The rate of increase of the predator population depends on the amount of prey biomass it converts as food. Thus according to Hollying type II functional response [15] the two populations are modeled as follows: where x is the prey density at time t, y is the predator density at time t, r is the intrinsic prey growth rate, k is the prey carrying capacity, w is the maximum per capita predation rate, 1 w is the predator biomass to the prey (conversion rate), p is the wildebeest poaching rate in Serengeti, c is lion death rate due to retaliatory killing, f is the percentage of wildebeest resilient to drought, hence ( ) 1 f − is the wildebeest death rate due to drought, e is the percentage of lion resilient to drought, hence ( ) 1 e − is the lion death rate due to drought, a is the predator half saturation and 2 a is the lion mortality rate.
The Model with Time Dependent Control Effort
We introduce into model (1) u t as controls to curtail the threats to the prey-predator system. The prey-predator model (1) thus becomes: 
Analysis of Optimal Control
The objective is to maximize the species population size at the final time of control while minimizing the cost. These costs are due to control strategies applied such as cost of antipoaching, construction of strong bomas and conservation cost for drought control. We assume the total population ( ) 
where ( ) 1 2 3 , , U u u u = such that 1 2 3 , , u u u are lebesgue measurable with
is the control set.
Characterization of the Optimal Control
Pontryagin's maximum principle which provides necessary condition, converts Equations (2) and (3) 
and with transversality condition as ( )
L T B = , see [10] .
By optimality condition, we have 0
but:
Hence ( ) ( )
Equivalently, we can represent the optimal control as
and ( ) ( )
The optimal control can be numerically calculated under various parameter sets using a forward-backward sweep method involving fourth order Runge-Kutta procedure. The successive steps are as follows (see example, Kar & Ghosh, 2012 [14] ). 1) Divide the total time interval into N equal subintervals and set the state at different times as ( )
and the costate variables as ( ) 
Numerical Results and Discussion
In this section we study numerically an optimal control of a threatened prey-predator system.
Let
The weights of state variables are usually assigned depending on their relative importance while those of controls are assigned relative to their cost implications.
Next, we investigate the effect of the following optimal control strategies on the threatened prey-predator population.
• Strategy A: Application of anti-poaching patrols for controlling poaching.
• Strategy B: Construction of strong bomas for control of retaliatory killings.
• Strategy C: Construction of dams for drought control.
• Strategy D: Combination of application of anti-poaching patrols and construction of strong bomas.
• Strategy E: Combination of application of anti-poaching patrols and construction of dams.
• Strategy F: Combination of construction of strong bomas and dams and.
• Strategy G: Combination of application of anti-poaching patrols, construction of strong bomas and dams.
Strategy A: Application of Anti-Poaching Patrols for Control of Poaching
The application of anti-poaching patrols 1 u is used to optimize the objective function J while we set the con-struction of strong boma 2 u and construction of dams 3 u to zero. In Figure 1 , the results show a significant difference in the prey population with optimal strategy compared to prey population without control while no effect to predator population as the control is taken only to prey species. From Table 1 we see that if no control measures are taken the wildebeest population would drop to approximately 152 individuals from 300 individuals expected to be attained during these 5 years if there was no threat. With this control strategy the wildebeest population rises to approximately 188, which is a saving of 36 individuals. Lion population goes to about 29 individuals and with optimal anti-poaching patrol the population almost remains the same because the control measure is taken only to prey population as described in the model.
Strategy B: Construction of Strong Bomas for Control of Retaliatory Killings
The construction of strong boma 2 u is used to optimize the objective function J while we set the application of anti-poaching patrols 1 u and construction of dams 3 u to zero. In Figure 2 , the results show a significant difference in the predator population with optimal strategy compared to predator population without control while a little decrease in prey species. From Table 1 we see that due to application of construction of strong bomas lion species increases from 29 to 36 individuals which is a saving of 7 lion individuals. Wildebeest population decreases from 152 to 147 individuals and this is caused by predation as a result of increasing number of lions without taking control of all threats to wildebeest.
Strategy C: Construction of Dams for Drought Control
The construction of dams 3 u is used to optimize the objective function J while we set the application of antipoaching patrols 1 u and construction of strong boma 2 u to zero. In Figure 3 , the results show a significant difference in the prey and predator populations with optimal strategy compared to prey and predator populations without control. From Table 1 we see that if no control measures are undertaken the wildebeest population 
Strategy D: Combination of Application of Anti-Poaching Patrols and Construction of Strong Bomas
The application of anti-poaching patrols 1 u and construction of strong bomas 2 u are used to optimize the objective function J while we set construction of dams 3 u to zero. In Figure 4 , the results show a significant difference in prey and predator populations before and after control. From Table 1 numerical results suggests that if no control measures are applied the lion population would go to 29 individuals, but with this control strategy the population rises to 38 individuals during the 5 years which is a saving of 9 individuals. Wildebeest population rises from approximately 152 to 180 which is a saving of 28 individuals.
Strategy E: Combination of Application of Anti-Poaching Patrols and Construction of Dams
The application of anti-poaching patrols 1 u and construction of dams 3 u are used to optimize the objective function J while we set construction of dams 3 u to zero. In Figure 5 , the results show a significant difference in prey and predator populations before and after control. From Table 1 numerical results indicates that if no control measures are taken the lion population would go to 29 individuals during these 5 years. With this control strategy the lion population rises to 44 which is a saving of 15 individuals. Wildebeest population rises from approximately 152 to 240 which is a saving of 88 individuals.
Strategy F: Combination of Construction of Strong Bomas and Dams
The application of construction of strong bomas 2 u and construction of dams 3 u are used to optimize the objective function J while we set application of anti-poaching patrol u 1 to zero. In Figure 6 , the results show a significant difference in prey and predator populations before and after control. From Table 1 
Strategy G: Combination of Application of Anti-Poaching Patrols, Construction of Strong Bomas and Dams
Here, all three controls ( 1 u , 2 u , and 3 u ) are used to optimize the objective function J . In Figure 7 , the results show a significant difference in prey and predator populations before and after control. From Table 1 numerical results indicate that if no control measures are undertaken the lion population would go to approximately 29 individuals from 20 initial individuals during these 5 years. With this control strategy the lion population rises to 65 which is a saving of 36 individuals. Wildebeest population rises from approximately 152 to 223 which is a saving of 71 individuals. This is the strategy which shows the best result for both species among all others as it yields the highest combination of prey and predator individuals saved as a result of control application.
Concluding Remarks
In this paper, we presented a threatened prey-predator model using a deterministic system of differential equations. The threats are poaching, retaliatory killings and drought. Controls are introduced to the system which are anti-poaching patrols, construction of strong bomas and dams for controlling poaching, retaliatory killings and drought, respectively. In investigating the effect of optimal control, we use one control at a time, a combination of two controls at a time while setting other(s) to zero to compare the effects of the control strategies on the eradication of threats to prey-predator system. Additionally, the case of all controls was also taken into consideration. Our numerical results suggest that the use of all three controls, anti-poaching patrols, construction of strong bomas and dams has highest impact on the control of the system threats. From these findings, we see that when we have a system threatened by various threats, dealing with individual threat to the system does not often yield best results. Instead, combined approach of tackling all threats to yield better result is a good approach in the management of the wildlife populations. There is thus a booster effect when tackling many population decimating factors at a go than dealing with them individually. In case of single control strategy implementation, the priority would be construction of dams as it saves more individuals compared to others.
